In the recent years, the classification of two-step nilpotent Lie algebras of dimension 8 and 9 has made good progress. The resulted non-isomorphic twostep nilpotent Lie algebras were denoted as N n,p i , where n is the dimension of the two-step algebra, p is the dimension of its center, while i is an order number without a meaning, with the value up to 11. As different authors used different values of i and the presented representative bases are not the same, it is not convenient to distinguish such two-step algebras. In this paper, we propose to denote them as T n,p r , where "T" stands the word "two-step", and r is the rank of the two-step nilpotent Lie algebra, if there is only one non-isomorphic two-step nilpotent Lie algebra for such a value of n, p and r. Otherwise, we denote them as T n,p r,i . The fourth index i takes a larger value if the dimensions of some root spaces are greater than one. When the root spaces are all of dimension one, the value of i follows the lexicographic order of H-msg related sequences. When the latter is also the same, the value of i follows some new invariants associated with generating graphs and generator graphs of two-step nilpotent Lie algebras, which are introduced in this paper.
Introduction
In Lie algebra, the classification theory of semisimple Lie algebras are well-established by Cartan, Killing and some others. On the other hand, the classification theory of solvable or nilpotent Lie algebras are much less developed. For nilpotent Lie algebras, there are only very few classes of non-isomorphic nilpotent Lie algebras of dimension n ≤ 6. Seeley [18, 19] and Gong [8] classified nilpotent Lie algebras of dimension 7. According to [8] , there are 119 classes of indecomposable nilpotent Lie algebras of dimension 7 over complex numbers, and 24 additional classes over real numbers. There are some partial results for dimension 8. The task for classifying all nilpotent Lie algebras becomes unrealistic when the dimension n reaches 9. For instance, according to [21] , there are 24, 168 non-isomorphic 9-dimensional Lie algebras with a maximal Abelian ideal of dimension 7. Thus, for dimension n ≥ 8, people turn their efforts to classify some special classes of nilpotent Lie algebras.
The structure of Heisenberg algebras, a special class of nilpotent Lie algebras, is well-known and simple. People then turn their attention to filiform algebras, also a special class of nilpotent Lie algebras. By introducing and using an invariant called characteristic sequence, Bermudez and Goze [1, 2] , Echarte and Gomez [4] , Prieto, Reula and Valdes [12] classified filiform nilpotent Lie algebras of dimension n = 7, 8, 9, 10.
As Heisenberg algebras are two-step nilpotent Lie algebras with centers of dimension 1, people considered two-step nilpotent Lie algebras with centers of dimension p ≥ 2.
In 1973, Gauger [7] studied two-step nilpotent Lie algebras. He called them metabelian Lie algebras, gave a partial classification of two-step nilpotent Lie algebras for n = 8, and proved that for each n ≥ 9, that there are infinitely many non-isomorphic two-step nilpotent Lie algebras. In 1999, Galitski and Timashev [6] continued this approach and gave a partial classification of two-step nilpotent Lie algebras for n = 9. Their results have not excluded decomposable cases and given structure constants explicitly. Hence, their results are somewhat incomplete.
Since 2011, researchers made efforts to classify two-step nilpotent Lie algebras of dimension n = 8, 9 completely. Ren and Zhu [14, 16] , Xia and Ren [23] , Yan and Deng [24] classified two-step nilpotent Lie algebras of dimension n = 8, and showed that there are finitely many non-isomorphic two-step nilpotent Lie algebras for n ≤ 8. This echoes the result of Gauger. Wang and Ren [22] , Ren and Zhu [15] classified nine dimensional two-step nilpotent Lie algebras with centers of dimension p = 5 and 2, respectively. The classification task for nine dimensional two-step nilpotent Lie algebras with centers of dimension p = 3 and 4 is still incomplete in the above sense.
In [14, 15, 16, 22, 23, 24] , a two-step nilpotent Lie algebra of dimension 8 or 9 is denoted as N n,p i , where n is the dimension of the two-step nilpotent Lie algebra, p is the dimension of its center, i is an auxiliary index without special meanings. This causes some confusion and is not convenient for readers. For instance, both [24] and [16] classified two-step nilpotent Lie algebra of n = 8 and p = 3 with different methods, and claimed that there are eleven non-isomorphic two-step nilpotent Lie algebras of n = 8 and p = 3, and denoted them as N 8,3 i for i = 1, · · · 11. However, the two algebras denoted as N 8,3 i for the same i in [24] and [16] are not the same. As the bases given in [24] and [16] are also different, it is not easy for readers to identify which two algebras in [24] and [16] are the same.
Such a situation exists in the other places of the literature. In [9, Chapter Two], 155 non-isomorphic nilpotent Lie algebras of dimension n ≤ 7, including decomposable ones, are denoted as n i 7 with i = 1, · · · , 155. There is no special meanings of the value of i.
In [19, 8] , two non-isomorphic two-step nilpotent algebras of n = 7 and p = 2 are denoted as 2, 7 A and 2, 7 B , four non-isomorphic two-step nilpotent algebras of n = 7 and p = 2 are denoted as 3, 7 A , 3, 7 A , 3, 7 C and 3, 7 D , where 7 means n, 2 or 3 mean p, A, B, C, D follows the descending order of the number of 1's in the minimal number sequence, an invariant of the two-step nilpotent Lie algebra. Hence, this nomenclature of two-step nilpotent Lie algebras of dimension 7 is meaningful.
In this paper, we aim to introduce a meaningful nomenclature of two-step nilpotent Lie algebras of dimension n ≤ 9. For doing these, we analyze some existing invariants, and introduce some new invariants for two-step nilpotent Lie algebras. We hope that such invariants and such a nomenclature may be helpful for further classification of two-step nilpotent Lie algebras.
In the next section, we study the case of dimension n ≤ 6. A range for the dimension p of the center of an n-dimensional two-step nilpotent Lie algebra is presented. A two step nilpotent Lie algebra is uniquely determined if both n and p are fixed, and n ≤ 6. Thus, we denote it as T n,p , where the letter "T" is from the word "two-step", which distinguishes it from other nilpotent Lie algebras. We show that characteristic sequence of a two-step nilpotent Lie algebra is uniquely determined by n and p. Thus it is not useful for classifying two-step nilpotent Lie algebras.
In Section 3, we study two-step nilpotent Lie algebras of dimension 7, and the invariant minimal number sequence. Seeley [19] and Gong [8] used the number of 1's in minimal number sequence to distinguish two-step Nilpotent Lie algebras of dimension 7. Thus, we follow them and denote a two-step nilpotent Lie algebra of dimension 7 as T
7,p
i , where p is the center of the dimension, and i is associated with the number of 1's in minimal number sequence.
In Section 4, we study two-step nilpotent Lie algebras of dimension 8 and 9. We denote such two-step nilpotent Lie algebras as T n,p r , where r is the rank of the two-step nilpotent Lie algebra, if there is only one non-isomorphic two-step nilpotent Lie algebra for such a value of n, p and r. Otherwise, we denote them as T n,p r,i . In this way, the third index r has a concrete meaning as the rank is the most important variant of a two-step nilpotent Lie algebra after n and p. The fourth index i takes a larger value if the dimensions of some root spaces are greater than one. When the root spaces are all of dimension one, the value of i follows the lexicographic order of H-msg related sequences.
In Section 5, we define generating graph and generator graph for a two-step nilpotent Lie algebra, and introduce several new invariants associated with these two graphs. By using these new invariants, we determine the values of the fourth index i when the root spaces are all of dimension one, and the the lexicographic order of H-msg related sequences is the same. This also confirms the non-isomorphic results of [14, 15, 16, 24] , where there are no detailed proofs of the non-isomorphic property of those two-step nilpotent Lie algebras, when their dimensions, the dimensions of their centers, their ranks, and their H-msg related sequences are all the same.
Some final remarks are made in Section 6. The Lie algebras studied in this paper are over the complex number field.
2 Dimension n ≤ 6: The Dimension of Its Center
When n ≤ 6, one most basic invariant of an n-dimensional two-step nilpotent Lie algebra is the dimension p of its center. For each value of p, there is only one isomorphic class of two-step nilpotent Lie algebras. Let N be an indecomposable n-dimensional two-step nilpotent Lie algebra. Then we have D(N) = C(N), where D(N) = N is its derived algebra, and C(N) is its center. Thus, in the following discussion, we assume that I = D(N) = C(N). In this way, N is not Abelian. Assume the dimension of I is p as a positive integer. Then q = n − p is the number of the generators of N.
For each n, the value of p has an upper limit.
Proposition 2.1 Let N be an indecomposable n-dimensional two-step nilpotent Lie algebra, and its center have dimension p. Then
Proof As analyzed on Page 850 of [24] , we have
This results (2.1).
If p = 1, then N is a Heisenbeg algebra. This only happens if n is odd. There is a standard notation for Heisenbeg algebras. Thus, we may assume that p ≥ 2 to discuss invariants and conventional nomenclature for two-step nilpotent Lie algebras.
Both the derived series and the lower central series of N are
On the other hand, the upper central series of N is 0 I N.
As in [20] , we may use the notations DS, CS and US for sets of integers denoting the dimensions of ideals in the derived, lower central and upper central series, respectively. There are basic invariants of Lie algebras [9, 20] . By [9] , the classification of complex nilpotent Lie algebras of dimension 6 or less can be obtained by these invariants. Then for a two-step nilpotent nilpotent Lie algebra L, DS = CS = [n, p, 0], and US = [0, p, n]. Thus, for a two-step nilpotent Lie algebra L of dimension n ≤ 6, we may use n and p to denote it. Hence, we may denote it as T n,p , where T stands for two-step nilpotent Lie algebras, to distinguish them from other nilpotent Lie algebras.
We use {x 1 , · · · , x q , y 1 , · · · , y p } to denote a basis of the two-step nilpotent Lie algebra N, where {y 1 , · · · , y p } is a basis of the center I.
According to [9, 20] , for n = 5, we have the first such a case T 5,2 , defined by
For n = 6, by [9, 20] , we have T 6,2 , defined by [ [1, 2, 4, 12] , the characteristic sequences of nilpotent Lie algebras are used as a basic invariants to classify filiform nilpotent algebras of dimension 7−10. However, the characteristic sequence of a two-step nilpotent Lie algebra is uniquely determined by p, the dimension of its center. Denote the characteristic sequence of N by c(N). Then c(N) consist of 2 ′ s and 1 ′ s. We assume that c(N) has r 2 ′ s and s 1 ′ s. Then 2r + s = n. As N is not Abelian, r ≥ 1. Later we will see that s ≥ 1, i.e., if n is even, s ≥ 2. This implies r has an upper limit α(n).
Let z ∈ L such that c(z) = c(N). By matrix analysis, adz has eigenvectors y 1 , · · · , y r , u 1 , · · · , u s and nonzero vectors x 1 , · · · , x r such that
This implies z ∈ I, y i ∈ I and x i ∈ I for i = 1, · · · r. Hence, p ≥ r. Since c(z) = c(N) means that r should be maximized, we have r = p if p ≤ α(n) and r = α(n) if p ≥ α(n). Then c(N) is not helpful for further classifying two-step nilpotent Lie algebras if n and p are fixed.
3 Dimension n = 7: Seeley Number
Assume that n = 7 and p ≥ 2. According to (2.1), p = 2 or 3. By [8, 18, 19] , in the complex field, for p = 2, there are two non-isomorphic two-step nilpotent Lie algebras; for p = 3, there are four non-isomorphic two-step nilpotent Lie algebras. Thus, we prefer to denote them as T
7,2 i
for i = 1, 2, and T
7,3 i
for i = 1, 2, 3, 4, respectively, where i may be associated with an additional invariant of the two-step nilpotent Lie algebra N, such that i is bigger for more more complex structure of N.
For n ≥ 7, Seeley [18] and Gong [8] used an additional invariant, called minimal number, to classify two-step nilpotent Lie algebras. The minimal number of a two-step nilpotent Lie algebra N in [18, 8] is actually a sequence. Hence, we call it the minimal number sequence of N, to distinguish it from scalar invariants. It is actually defined for any Lie algebra.
For a given Lie algebra
(called the minimal number sequence) in lexicographic order. This is obviously an invariant for L. However, in general, it may not be easy to be computed. From the minimal number sequence, Seeley [19] further used the number of 1 ′ s in the minimal number sequence as a scalar invariant to denote . We call this invariant the Seeley number of L, and denote it as η. We will see that the structure of N is more complex when η is smaller. Thus, we may associate i in the nomenclature T
7,p i
for p = 2, 3, with the Seeley number η in descend order. Actually, Seeley [18, 19] and Gong [8] did in this way, and we simply follow them.
For n = 7 and p = 2, according to [8, 19] , there are two isomorphic two-step nilpotent Lie algebra classes.
The first one is denoted by 2, 7 A in [8, 19] , defined by [
Then its minimal number sequence is (1, 1, 1, 1, 2), and its Seeley number η = 4.
The second one is denoted as 2, 7 B by in [8, 19] , defined by [
Then its minimal number sequence is (1, 1, 1, 2, 2), and its Seeley number η = 3.
Hence, we may denote 2, 7 A as T 7,2 1 , and 2, 7 B as T 7,2 2 , respectively. For n = 7 and p = 3, by [8, 19] , there are four isomorphic two-step nilpotent Lie algebra classes.
The first one is denoted as 3, 7 A in [8, 19] , defined by [
Then its minimal number sequence is (1, 1, 1, 3), and its Seeley number η = 3.
The second one is denoted as 3, 7 B in [8, 19] , defined by [
Then its minimal number sequence is (1, 1, 2, 2), and its Seeley number η = 2.
The third one is denoted as 3, 7 C in [8, 19] , defined by [
Then its minimal number sequence is (1, 2, 2, 3), and its Seeley number η = 1.
The fourth one is denoted as 3, 7 D in [8, 19] , defined by [
Then its minimal number sequence is (2, 2, 2, 2), and its Seeley number η = 0.
Hence, we may denote 3, 7 A , 3, 7 B , 3, 7 C and 3, 7 D , as T 4 Dimension n = 8, 9: Rank, Dimension of Root Space, and H-msg Related Sequence
Assume that p ≥ 2. By (2.1), for n = 8, p = 2, 3 and 4; for n = 9, p = 2, 3, 4 and 5.
Ren and Zhu [14, 16] , Xia and Ren [23] , and Yan and Deng [24] made the classification of two-step nilpotent Lie algebras of dimension 8. Wang and Ren [22] , and Ren and Zhu [15] made the classification of two-step nilpotent Lie algebras of dimension 9 with dimension 5 and 2. Let N be a two-step nilpotent Lie algebra, I, n, p and q be as defined above. Assume that n ≥ 8 and p ≥ 2. Suppose that {x 1 , · · · , x q } is a minimal system of generators of N. By [14, 15, 24] , the related set of x i is defined to be the set
Denote the set of all derivations of L by Der(N). A maximal torus H of N is a maximal Abelian subalgebra of Der(N), which consists of semi-simple linear transformation. Then N can be decomposed into a direct sum of root spaces for H: N = β∈H * N β , where H * is the dual space of H, and
If H is a maximal torus on N, let ∆ = {β ∈ H * : N β = 0} be the root system of N associated with H.
For a two-step nilpotent Lie algebra N, a maximal torus always exists [14] . By Mostow's theorem [11, Theorem 4 .1], all maximal tori of a nilpotent Lie algebra have the same dimension r. Hence, this dimension r is an invariant of the nilpotent Lie algebra N, called the rank of N, and denoted as r = Rank(N) [9, 13] .
Let H be a maximum torus of N. A minimal system of generators consisting of root vectors for H is called an H-msg of N [17] .
A minimal system of generators is called a (
is also an H-msg [13] .
A key lemma used in [14, 15, 16, 22, 23, 24] was originally from [10] , see [24] . By [10] , a nilpotent Lie algebra N is called quasi-cyclic if N has a subspace U such that
]. Then a two-step Nilpotent Lie algebra, is quasi-cyclic.
Lemma 4.1 [10] Let N be a quasi-cyclic nilpotent Lie algebra, and
where (z 1 , · · · , z q ) ⊤ is the transpose of the matrix (z 1 , · · · , z q ), and A is a q × q matrix.
In particular, if for any i, the dimension of the root space associated with x i is 1, then A is a monomial matrix (i.e., each row or each column of A has exactly one nonzero entry).
In general, the related sequence of an H-msg is not necessarily an invariant [14] . For a two-step nilpotent Lie algebra N, the relates sequence (p 1 , · · · , p q ) of an H-msg is an invariant if the dimensions of all the root spaces of H are of dimension 1 by Lemma 4.1.
We denote such two-step nilpotent Lie algebras as T n,p r , where r is the rank of the two-step nilpotent Lie algebra, if there is only one non-isomorphic two-step nilpotent Lie algebra for such a value of n, p and r. Otherwise, we denote them as T n,p r,i . The fourth index i takes a larger value if the dimensions of some root spaces are greater than one. When the root spaces are all of dimension one, the value of i follows the lexicographic order of H-msg related sequences. When the root spaces are all of dimension one, and the the lexicographic order of H-msg related sequences is the same, the value of i will be determined in the next section.
We now consider the case that n = 8. By [14, 24] , for n = 8 and p = 2, there are five possibly non-isomorphic two-step nilpotent Lie algebras N is defined by
It has an H-msg related sequence (1, 1, 1, 1, 1, 1) . Its rank r is 4.
The two-step nilpotent Lie algebra N
8,2 2
is defined by
8,2 3
8,2 4
Then the two-step nilpotent Lie algebras N
8,2 i
for i = 2, 3, 4 have an H-msg related sequence (1, 1, 1, 1, 2, 2) . They also have r = 4.
8,2 5
It has an H-msg related sequence (1, 1, 2, 2, 2, 2). Its rank r is 3. This shows that N is defined by
The two-step nilpotent Lie algebra N 8, 3 2 is defined by
The two-step nilpotent Lie algebra N 8, 3 3 is defined by
The two-step nilpotent Lie algebra N 8, 3 4 is defined by
Then the two-step nilpotent Lie algebras N 1, 2, 2, 2) . By [16] , they have r = 4.
The two-step nilpotent Lie algebra N 8, 3 5 is defined by
Then it has an H-msg related sequence (1, 1, 1, 2, 3) . It also has s = 8. By [16] , it has r = 4. The two-step nilpotent Lie algebra N
8,3 8
Thus it has an H-msg related sequence (1, 1, 2, 3, 3). By [16] , it has r = 3. The two-step nilpotent Lie algebra N 8, 3 6 is defined by
The two-step nilpotent Lie algebra N 8, 3 7 is defined by
The two-step nilpotent Lie algebra N 8, 3 9 is defined by
8,3 i
for i = 6, 7, 9 have an H-msg related sequence (1, 2, 2, 2, 3). By [16] , they also have r = 3.
The two-step nilpotent Lie algebra N 8,3
10 is defined by
Then it has an H-msg related sequence (2, 2, 2, 2, 2). By [16] , it also has r = 3. The two-step nilpotent Lie algebra N
8,3
11 is defined by
Thus it has an H-msg related sequence (2, 2, 2, 3, 3). By [16] , it has r = 2. Since it is the only one among these eleven two-step nilpotent Lie algebras with r = 2, it is not isomorphic from N In [16] , in the proof of Theorem 1, it was said that the dimension of the maximal torus of N 8,3 7 , i.e., the rank of N 8,3 7 , is 4. This should be a typo. In fact, in the later part of the proof of Theorem 1 of [16] , it was said that the dimensions of the maximal toruses of N 8,3 i with i = 6, · · · , 10 are the same. Dr. Zaili Yan, the first author of [24] , also showed us that N is (1, 1, 2, 3, 3) . The H-msg related sequences of N By [24] , for n = 8 and p = 4, there are three possible non-isomorphic two-step nilpotent Lie algebras N is defined by
Thus it has an H-msg related sequence (2, 2, 2, 2). By [24] , it has r = 4.
8,4 2
Thus it has an H-msg related sequence (1, 2, 2, 3) . By [24] , it also has r = 4.
8,4 3
Thus it has an H-msg related sequence (2, 2, 3, 3) . By [24] , it has r = 3. This shows that it is not isomorphic from N 4,2 , respectively. We now consider the case that n = 9. In the literature, for n = 9 and p ≥ 2, the cases p = 2 and 5 are known [15, 22] .
By [15] , for n = 9 and p = 2, there are five possible non-isomorphic two-step nilpotent Lie algebras N is defined by
The two-step nilpotent Lie algebra N 9,2 2 is defined
Then they have an H-msg related sequence (1, 1, 1, 1, 1, 1, 2) . Their rank r = 5.
9,2 3
9,2 4
Thus they have an H-msg related sequence (1, 1, 1, 1, 2, 2, 2). Their rank r = 4
9,2 5
Thus it has an H-msg related sequence (2, 2, 2, 2, 2, 1, 1). Their rank r = 3. are the same. Thus, we cannot further distinguish them at this moment. In the next section, we will show that N is defined by
Then it has an H-msg related sequence (2, 2, 3, 3) . We may check that its rank r = 4.
9,5 2
Then it has an H-msg related sequence (3, 3, 3, 3) . We may check that its rank r = 4 too. The ranks of these two two-step nilpotent Lie algebras are all 4. We also see that the dimensions of their root spaces are all 1. Thus, their H-msg related sequences are invariants. Since (2, 2, 3, 3) ≺ (3, 3, 3, 3) , they are not isomorphic. We denote denoted N 5 Dimension n = 8, 9: Generating Graph and Generator Graph
In the last section, there are five cases, where the non-isomorphic property is not established and the value of the fourth index i is undetermined. In this section, by introducing more new invariants, we complete the non-isomorphic property proof, and determine the values of the fourth index i in our nomenclature.
To reach this target, we define generating graph G for a two-step nilpotent Lie algebra N. The generating graph G is a bipartite hypergraph. For basic knowledge of hypergraphs, see [3] . Let the generator set and center of N be J and I, respectively. Suppose that J has a basis U = {x 1 , · · · , x q } and I has a basis V = {y 1 , · · · , y q }. Then U and V form the two vertex sets of G. If there is a definition of a Lie bracket
where not all α k are zero, then G has a hyper-edge (x i , x j ; y k : α k = 0). For each k = 1, · · · , q, we assume that there is at least one hyper-edge (x i , x j , y k ). Otherwise, we may always make a linear transformation of the basis of I to reach this assumption. Furthermore, we assume that the basis of I chosen such that the sum of the sizes of the hyper-edges of G is minimized. This assumption is important, otherwise center related sequence and weighted center related sequence introduced below may not be invariants. In the following cases, the generating graphs involved are all 3-uniform hypergraphs, i.e., each hyper-edge has exactly three vertices x i , x j , y k . Then this assumption is satisfied.
From G, we further define an ordinary graph G J , called the generator graph of N, The vertex set of G J is J. If the Lie bracket operation [x i , x j ] is defined, then (x i , x j ) is an edge of G J . The generating graph G and the generator graph G J will be helpful to calculate the related sequence, the related index, and some new invariants we will introduce below.
We now study the case that n = 8 and p = 2. In that case, the value of the fourth index i in our nomenclature is undetermined for T with i = 2, 3, 4 in [14] . In [14] , the five two-step nilpotent Lie algebras N 8,2 i with i = 1, 2, 3, 4, 5 are claimed to be mutually non-isomorphic by citing a lemma (Lemma 5 of [14] ) that if the dimensions of all the root spaces are 1, than the Lie bracket relations are reserved except some index exchanges and scalings. This implies that the H-msg related sequences are invariants under this condition. However, for N 8,2 i with i = 2, 3, 4, the H-msg related sequences are the same. How can we distinguish them quantitatively? We now introduce two more new invariants.
First, we put the dimensions of the components of the generator graph G J in the nondecreasing order to make a sequence, and call it the generator relation sequence. Under the condition of Lemma 5 of [14] , this sequence is clearly an invariant. Now, the generator relation sequences of N 8,2 i with i = 2, 3, 4 in [14] are (3, 3) , (2, 4) and (2, 4) , respectively. This shows that N Second, for each element of the center I, we count the number of its related Lie bracket operations, and put them in the nondecreasing order. We call this sequence the center related sequence. By definition, we may use the generation graph G to calculate this sequence. Under the condition of Lemma 5 4.1 and the condition that G is a 3-uniform hypergraph, this sequence is also an invariant. Now, the center related sequences of N This proves the corresponding result of [14] , quantitatively. Now, we determine which of N The case that n = 9 and p = 2 can be treated similarly. We now study the case that n = 8 and p = 3.
In the last section, we see that for N are the same as (1, 1, 2) . Hence, a new invariant is needed to distinguish them. Hence, we now define weighted center related sequence for a two-step nilpotent Lie algebra N, Assume that the generating graph G is a 3-uniform hypergraph, i.e., the Lie bracket operations which define N all have the form [x i , x j ] = y k . This assumption is satisfied by N 8,3 i for i = 1, · · · , 11. For each i = 1, · · · , q, x i is a vertex of the generator graph G j . Denote the degree of
We put these numbers in the nondecreasing order as a sequence, and call them the weighted center related sequence of N. Under the condition of Lemma 5 of [14] , i.e., Lemma 3 of [16] , and the 3-uniform hypergraph assumption, this sequence is also an invariant of N, and we may use its lexicographic order to determine the value i in T n,p r,i , if the generator relation sequence and center related sequence have already been used. Now the weighted center related sequence of N with i = 6, 9. We found that the generator relation sequences, the center related sequences, the weighted center related sequences of these two two-step nilpotent Lie algebras are all the same. However, the generator graph G J of N 
Final Remarks
In this paper, we propose to denote a non-isomorphic two-step nilpotent Lie algebra N as T n,p r or T n,p r,i , where n, p and r are three most important invariants of two-step nilpotent Lie algebras. When the values of n, p and r are the same, the value of i follows first the dimension situation of the root space of N. If the root spaces of N are all 1, its H-msg related sequence is also an invariant. The value of i follows it then. If the H-msg related sequence is also the same with the other two-step nilpotent Lie algebras in discussion, the value of i may follow several new invariants associated with the generating graph G and generator graph G J .
If the root spaces of N are not all 1, its H-msg related sequence is not an invariant. The following example illustrates this clearly. The two-step nilpotent Lie algebra N 8, 3 11 of [24] is defined by
Its H-msg related sequence is (2, 2, 2, 2, 2). This is different from the H-msg related sequence (1, 2, 2, 2, 3 of [16] , and N 8,3
11 of [24] , are different, the sum of elements of each of these two H-msg related sequences is the same. Furthermore, we discover that for all known non-isomorphic two-step Lie algebras of dimension n = 8, 9, if p is also fixed, different values of the sum of the elements of the H-msg related sequence always result in different values of r. Hence, it is possible that the sum of the elements of the H-msg related sequence may be an invariant in a certain sense, and needs to be further investigated.
In the known non-isomorphic two-step Lie algebras of dimension n = 8, 9, when n, p and r are the same, there is at most only one two-step nilpotent Lie algebra whose root spaces have dimensions higher than 1. This makes it possible to distinguish it from the other two-step nilpotent Lie algebras. For n = 9, p = 3 or 4, it is possible that there are more than two two-step nilpotent Lie algebras for which n, p and r are the same, and whose root spaces have dimensions higher than 1. Then, new invariants are needed to distinguish them.
Gauger [7] introduced free two-step nilpotent Lie algebra N(2, q), which has q generators and dimension q(q + 1)/2. Any other two-step nilpotent Lie algebra with q generators is isomorphic with a factor algebra N(2, q)/J, where J is a subset of the center of N(2, q), with dimension q(q − 1)/2 − p. Starting from this, he gave a partial classification of two-step nilpotent Lie algebras for n = 8, without excluding decomposable cases and giving structure constants explicitly. Gauger [7, Theorem 7.8] showed that if n = 9 and p = 3, there have some infinitely many non-isomorphic two-step nilpotent Lie algebras. Galitski and Timashev [6] indicated that for n = 9 and p = 3, there are three families of non-isomorphic two-step nilpotent Lie algebras with two parameters, and 88 more non-isomorphic two-step nilpotent Lie algebras without parameters. Again, their results have not excluded decomposable cases and given structure constants explicitly. Hence, the classification task for nine dimensional two-step nilpotent Lie algebras with centers of dimension p = 3 and 4 is still incomplete. It would be interesting to write out the families of such infinitely many non-isomorphic two-step nilpotent Lie algebras, and other non-decomposable non-isomorphic two-step nilpotent Lie algebras explicitly. It would be also interesting to confirm if there are only finitely many nonisomorphic two-step nilpotent Lie algebras for n = 9 and p = 4, and to write out nondecomposable non-isomorphic two-step nilpotent Lie algebras in this case explicitly. Then, a conventional and meaningful nomenclature of these non-isomorphic two-step nilpotent Lie algebras and two-step nilpotent Lie algebra families is also a challenging assignment.
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